This paper shows that the transient response of a plate undergoing flexural vibration can be calculated accurately and efficiently using the natural frequencies and modes obtained from the 
Superposition Method. These are compared with corresponding results based on the modes using the Rayleigh-Ritz method using the ordinary and degenerated free-free beam functions. There is an excellent agreement between the results from both approaches but the Superposition Method has shown faster convergence and the results may serve as benchmarks for the transient response of completely free plates. 
Nomenclature

Introduction
Thin plates are one of the most common components in machines and structures, and there is a vast literature devoted to estimate the natural frequencies of thin plates. An excellent review of the literature relating to vibration analysis of plates was published by Leissa [1] . Among the methods utilised for vibration analysis, it is known that Gorman's Superposition method is very efficient and accurate for a range of geometric shapes and in many cases the results from the Superposition method are the benchmarks for the natural frequencies [2] [3] [4] [5] [6] . In a recent publication, the Superposition Method was shown to be applicable for the determination of steady state response of plates [7] . In this paper we show it can also be used to accurately and efficiently determine the transient response of an undamped plate undergoing flexural vibration.
Research into analysis of the transient response of plates has spanned several decades. In one of the earliest papers on this subject, Forsyth and Warburton [8] predicted the transient response of cantilever plates to the impulse load using the natural frequencies and mode shapes obtained by applying the Rayleigh method. Craggs [9] solved the transient problems of simply supported, clamped and cantilever plates using the transition matrix method. Nagaya [10] investigated the transient response of a continuous plate on elastic supports to an impact load using the Laplace transform method. The Finite Element Method was used by Rock and Hinton [11] to obtain the transient response of both simply supported thick and thin plates. Coleby and Mazumdar [12] analysed the large amplitude transient response of an elliptical plate using the Berger method. Celep [13] presented the transient response of a thin elastic plate supported on a foundation that reacts in compression only, where the plate displacement is approximated by the product of vibration modes of the free beam. Nath and Shukala [14] have carried out the non-linear transient analysis of moderately thick laminated composite plates with mix of clamped, simply supported, and free boundary conditions based on Chebyshev approximation. In a recent publication, Abrate [15] examined the transient response of beams, plates and shells to certain pulse type loads using the modal expansion technique. The above list is not complete but to our knowledge, no results have been reported for the transient vibration of completely free plates, based on modes obtained using the Superposition Method. We believe this paper will complement the recent publication on steady state response by the Superposition Method.
In this paper, the transient response of a thin rectangular plate subject to an initial displacement corresponding to that of a plate under uniform load distribution with all edges simply supported is studied when all supports are suddenly removed. The plate after being released from its supports is treated as a completely free plate. The natural frequencies and mode shapes of the plates used in this study are obtained by the Superposition method (SM). The results are compared with the response computed based on the natural frequencies and mode shapes given by the Rayleigh-Ritz (R-R) method with the ordinary and degenerated free-free beam functions. The response generated from the SM agrees closely with the R-R results but it is noted that the SM method converges faster. For the same matrix size, the SM method gives more accurate results and we believe the results presented may be regarded as benchmarks for future comparisons.
Procedure
Natural frequencies and modes of vibration
Consider the motion of the completely free rectangular plate with the dimensions a and b as shown in Fig. 1 . The natural frequencies and modes will be calculated using both the variational method based on an energy functional and the partial differential equation, i.e. the Rayleigh-Ritz
Method and the Superposition Method. They are described in detail, in reference [1, 16] and [2, 3] respectively. The essential steps in the derivations are presented here for completeness. 
where X m (x) and Y n (y) are ordinary free-free beam functions, which are given below [1] . The values of γ 1 and γ 2 are obtained as roots of following Eq. (6) and Eq. (7) respectively.
Using the R-R method brings a set of equations expressed as [16] However, it has been noted that the ordinary free-free beam functions do not completely satisfy the free edge condition of plates because of over-constraining of the boundaries [17] . Bassily and Dickinson introduce the concept of degenerated beam functions to relax the end conditions in [17] .
This relaxation can be achieved by simply floating θ in Eqs (4) and (5) . The θ is replaced by a coefficient, which will be determined during the usual minimisation procedure in the R-R method.
The Superposition Method
Determining the natural frequencies and mode shapes of the completely free plates by using the SM is described in detail by Gorman [2, 3] . In this paper, the SM is utilised and the W-W algorithm is used to determine the natural frequencies to ensure double roots of the frequency equation are not missed as explained later. 
In the SM, the plate is considered [2, 3] as consisting of four plate problems which have exact solutions as shown in Fig. 2 , and the displacement of the original plate, W(x, y), is expressed as the sum of the displacement of the sub-systems which are referred to as the building blocks (Eq. (12)). 
and, for λ
and
The quantities θ are constants to be determined. The solution to the second building block is easily obtained from the first building block by interchanging the variables η and ξ, using the inverse of the aspect ratio and changing subscript m to n. Once the solutions to the first and second building blocks are obtained, solutions to the third and forth building blocks are determined by simply replacing η in the first building block solution to 1-η, ξ in the second building block solution to 1-ξ, and changing subscripts to p and q respectively.
These building blocks are superimposed in order to solve the original plate problem. Applying the boundary conditions of original plate problem, i.e. zero bending moment at the edges, using k terms in each building block, yields a set of 4k homogeneous algebraic equations relating 4k
coefficients, E m , E n , E p and E q which can be expressed in matrix form as follows:
where [A] is 4k×4k matrix, {E x } is 4k×1 column vector of coefficients, E m , E n , E p and E q .
The natural frequencies are determined by searching for the λ values for which the determinant of the system vanishes by trial and error. Once the λ values are found, the coefficients, E's, are found by substituting into equation (19) and these give the natural modes of the plate. However, this procedure also picks up some unexpected values when the determinant goes through a pole (case (b) in 
Transient vibrations
In the transient analysis, the effect of damping has not been considered. The response due to an initial disturbance is then expressed in term of its modes as follows:
where Eq. (20) has to satisfy the prescribed initial conditions, i.e. the displacement and/or velocity at t = 0.
An expression for the velocity may be obtained by differentiating Eq. (20) with respect to t.
Let the displacement and the velocity at t = 0 be following equations, , , 0 = 0 ( , ) and , , 0 = 0 ( , )
At t = 0, Eq. (20) and (21) become,
The coefficients a i and b i may be determined by multiplying both sides of Eq. (23) and (24) by W j and integrating over the area of plate, i.e.,
However, from the orthogonality condition,
From Eq. (25), Eq. (26) and (27), the coefficients a i and b i are given by,
Initial conditions
The initial conditions given in this study are that there is an imposed deflection which is equal to that of a plate with all edges simply supported, and subject to a uniformly distributed load such as self weight and that the velocity is zero everywhere. The deflection expression for this case which is readily available in the literature [21] is, 
where q o is a load per area. The load is assumed as the weight of the plate per area, which is given by = ℎ . Five terms in each direction were found to be sufficient to ensure that the results for the displacement have converged to four significant figures, and therefore k and l in Eq (30) were set for nine in computation. It should be noted here that if the transient response of a plate that is freely falling under gravity after removal of its simple supports is required, the rigid body motion of the plate due to the gravity force gt 2 /2 should be added. The above initial condition was chosen as a convenient case to remember for the purpose of benchmarking and not due to any engineering significance.
Result and discussion
The transient response of the completely free plates has been calculated when the plates having all the edges simply supported are suddenly released from the all supports. The computation of the response of the plates for the various aspect ratios was done using the natural frequencies and modal shapes given by the Superposition method and the Rayleigh-Ritz method with the ordinary and respectively. All responses were calculated by using the software MATLAB in default double precision. However, the maximum number of terms used in the degenerated beam functions to compute the natural frequencies and modal shapes is limited to 8 terms in each direction because the computing procedure showed numerical instability when using more than 9 terms.
Firstly, the convergence tests were carried out for the results computed by all the methods mentioned above. The responses at the centre of the square plate obtained using the natural This is due to the fact that the R-R method using the ordinary free-free beam functions gives higher values for the natural frequencies of the completely free plates than those given by the SM and the R-R method with the degenerated free-free beam functions. Similar differences were also found in the responses at other points of the plate and of the plates for other aspect ratios but are not presented here. It can also be seen from Fig. 7 that the plates vibrate about a shifted plane parallel to the original xy plane representing the undeformed state of the plate. The plane shift was also discovered in the responses of the plates for the aspect ratios 1.5 and 2.0. The distance between the planes that are at the centre of vibration and the xy plane almost agree with the displacement contribution of the first mode, which is the rigid body motion in dimensionless distance of 1.0, multiplied by the first transient coefficient of the plates, which is 0.1023 for the square plate ( Table 1 ).
The modal superposition method used in this paper to investigate the transient response of the plate gives an insight into how modes participate in the response, as mentioned in the reference [15] . Fig. 8 shows the proportions of modes participating in the transient responses. Since, in the case studied here, the initial disturbance is symmetric about both centre lines of the plate parallel to x and y axes, only doubly symmetric modes participate. The first three modes for the square plate, four and five modes for the plate with aspect ratios 1.5 and 2.0 respectively, dominate about 90-percent of the responses. The figures also show that the proportion of higher modes contributing to the transient response of the plates with aspect ratios 1.5 and 2.0 are larger than that of a square plate. It is known that both the SM and the R-R method give upper bounds for the natural frequencies of completely free plates [1, 4] and lowest values would be considered as benchmarks. The SM and the R-R method using the degenerated free-free beam functions give lower values of natural frequencies than those given by the R-R method using the ordinary free-free beam functions for the completely free plates. Those methods also give faster convergence rates. For the same matrix size, however, the SM method gives lower values than those obtained using the degenerated beam functions, and also use of the degenerated beam functions exhibits numerical instability in the results when using more than nine terms in the series. Therefore, it is preferable to use the SM. It seems appropriate at this stage to treat the transient responses obtained using the natural frequencies and modes given by the SM as benchmark results for the response of the plates with all edges simply supported when being suddenly released from all the supports after being subject to an initial displacement corresponding to that due to a uniformly distributed load. The first few participating modes, transient coefficients, corresponding natural frequency parameters, λ 2 [5, 6] and modal displacements at the centre, the point of 0.75a, 0.75b and the corner are given in Table 1 . We believe the numerical results would serve as benchmarks for transient response of plates.
Concluding Remarks
It has been shown that the natural frequencies and modes determined by applying the to be the fastest to converge. This means for a given matrix size, the SM gives more accurate results for the response. The difference between the results found using the SM and the R-R modes increase with time and the use of the degenerated beam functions shows numerical instability during the computation when using more than nine terms in the series. Therefore, the results calculated using the natural frequencies and modes given by the SM are more accurate and reliable, and may be considered as benchmark data for the transient response of the completely free plates.
As expected the transient response is dominated by the lower modes. The plates vibrate about the shifted plane parallel to the original xy plane. The distances between these two planes agree with the displacements for the first mode of the plate (a rigid body translation) multiplied by the first transient coefficient.
In this study, the displacement under uniform load distribution without any excitation is given as the initial condition in order to maintain the focus on transient vibration and keep it simple. Since the procedure used here is valid for various distributions of initial displacement and or initial velocity, it is expected that the response of plates subjected to impulse and other types of general dynamic loading could also be generated using the modes based on the SM. The vibration analysis using the SM modes including a general type of excitation as well as damping effect could be the subject of future work.
